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Yang-Mills theories with an arbitrary number of compactified extra dimensions
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The well-known Yang-Mills theory with one S1/Z2 universal extra dimension (UED) is generalized
to an arbitrary number of spatial extra dimensions through a novel compactification scheme. In this
paper, the Riemannian flat base manifold under consideration contains n spatial extra dimensions
defined by n copies of the orbifold S1/Z2. In this approach, we present the gauge structure and the
mass spectrum of the effective four dimensional theory. We introduce the concept of standard and
nonstandard gauge transformations of the effective theory, and explicitly identify the emergence of
massive vector fields in the same number as massless (‘pseudo-Goldstone’) scalars in the compact-
ified theory, verifying that a Higgs-like mechanism operates in the compactification process. It is
found that, in contrast with the one UED scenario, in cases with two or more UEDs there emerge
massive scalar fields. Besides, at a phase space level, the Hamiltonian analysis yields that the higher
dimensional and compactified theories are classically equivalent using the fundamental concept of
canonical transformation. This work lays the ground for a wider study on these theories concerning
their quantization and predictive power at the level of quantum fluctuations.
PACS numbers: 11.10.Kk, 11.15.-q, 14.70.Pw, 14.80.Rt
I. INTRODUCTION AND BACKGROUND
The concept of extra dimensions is a cornerstone of
various theoretical frameworks that belong to the cur-
rent Beyond Standard Model research [1]. Well moti-
vated arguments [2–4] suggest that relatively large ex-
tra dimensions may become apparent at TeV s scale, and
hence effective field formulations become phenomenolog-
ically interesting. In the majority of scenarios with extra
dimensions, our observed three dimensional space is re-
garded as a 3-brane embedded in a higher dimensional
spacetime known as the bulk. The extra dimensional ap-
proach is defined depending on the bulk geometry and the
way in which the different fields are allocated on it. In
particular, allowing gauge and matter fields of the stan-
dard model to propagate in the bulk gives rise to the
universal extra dimensions (UEDs) scenarios [5]; in this
approach, gauge invariance preservation at the higher di-
mensional level requires all gauge parameters to be also
defined on the bulk [6]. In addition, to be consistent with
the available experimental information, the submanifold
corresponding to the extra dimensions is assumed to be
suitably compactified.
An immediate effect of compactification is the emer-
gence of Kaluza-Klein (KK) towers, that is, a variety of
series into which fields and gauge parameters that propa-
gate in the bulk expand. In each series, the zero modes of
fields correspond to known fields of the standard model,
whereas the zero modes of gauge parameters specify the
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so-called standard gauge transformations (SGTs) [6, 7].
These are gauge transformations underlying the lower di-
mensional theory, whose gauge parameters are the re-
mainder of the gauge parameters defined on the bulk
after compactification. In addition, each individual KK
excitation of the fields becomes a well defined object with
respect to the Poincare´ group on four dimensions [7].
In recent years, the phenomenological implications of
universal extra dimensions in relation to observables at
a low-energy scale have been the subject of consider-
able interest in the context of dark matter [8], neu-
trino physics [9], Higgs physics [10], flavor physics [11],
hadronic and linear colliders [12], and electroweak gauge
couplings [13]. Some theoretical aspects of these models
have also been considered [14]. In this context, a com-
prehensive analysis of both the classical and quantum
structure of Yang-Mills theories in the five dimensional(
S1/Z2
)
-one UED (OUED) scenario was fully presented
in a series of papers [6, 7, 15].
In Ref. [6], a new classification of the gauge invariance
underlying the four dimensional compactified theory was
introduced: The SGTs and the nonstandard gauge trans-
formations (NSGTs). The latter were defined in terms of
the KK excited modes of the gauge parameters that prop-
agate in the bulk. The mass spectrum of the compacti-
fied theory –a Yang-Mills type theory manifestly invari-
ant under SU(N,M4) and ISO(1, 3)– presents one gauge
vector field with components A
(0)a
µ , one KK tower of mas-
sive vector fields with components A
(k)a
µ (k > 0), and one
KK tower of massless (‘pseudo-Goldtone’) scalar fields
with A
(k)a
5 (k > 0), where a stands for a gauge index. The
introduction of SGTs and NSGTs proved to be advanta-
geous when quantizing the theory using Becchi-Rouet-
Stora-Tyutin (BRST) techniques in its field-antifield for-
malism [16, 17].
2In Ref. [7], it was stressed that there exists a canon-
ical transformation that maps a pure Yang-Mills the-
ory defined on the m dimensional flat space Mm =
M4 × Nn into the four dimensional theory resulting
from compactification. Therefore, compactification can
be thought of as a mechanism that explicitly breaks
down the ISO(1,m − 1) symmetry into ISO(1, 3), and
simultaneously hides the SU(N,Mm) gauge symmetry
onto SGTs and NSGTs, the former being identified with
SU(N,M4). Such a canonical transformation was con-
structed in detail within the OUED context, and it maps
all relevant quantities defined in the higher dimensional
theory (gauge symmetries, gauge fields, curvatures, Dirac
constraints, the primary Hamiltonian and the gauge gen-
erator) onto the corresponding quantities in the four di-
mensional representation; this result implies the classical
equivalence between the two theories.
Although in the compactified theory there are pseudo-
Goldstone bosons –thus allowing a Higgs-like mechanism
to operate– they do not correspond to genuine Gold-
stone bosons in the sense of the spontaneous breakdown
of a global symmetry. The emergent pseudo-Goldstone
bosons in Kaluza-Klein theories are directly generated by
compactification of the extra spatial dimension. In the
presence of the Higgs mechanism, a group G is broken
down into a subgroup H and pseudo-Goldstone bosons
become manifest as a consequence of the redefinition of
fields about a chosen asymmetric vacuum. Both, this
redefinition of fields and the compactification process
can be thought as a part of canonical transformations
when the theories are formulated in a Hamiltonian set-
ting [7]. It is worth noticing that in the spontaneous
symmetry-breaking scenarios the remaining gauge sub-
group H is generated by a proper subset of generators of
G, whereas in the compactification process, the remain-
ing manifest gauge-invariance group SU(N,M4) arises
from SU(N,Mm) once one integrates out the extra di-
mensions in the gauge parameters related to the higher-
dimensional theory.
To our knowledge, in the literature there has been
plenty of research devoted to models with the minimal
integer number of UEDs in contrast with higher num-
ber of universal extra-dimensional models. In fact, it
is known that slight deviations above the five dimen-
sional one-UED context cause important differences in
the phenomenology of the models themselves; for an up-
to-date review see Ref. [18] and references therein. In
the present work, those results reported in Ref. [7] will
be generalized to an arbitrary number of extra dimen-
sions using a novel generalization of models with S1/Z2
as universal spatial extra dimension. In this paper the
base manifold under consideration contains n extra spa-
tial dimensions defined on S1/Z2 × S1/Z2 × . . .× S1/Z2︸ ︷︷ ︸
n times
.
Using Yang-Mills theories, this assumption lets us explic-
itly write down the canonical transformation that maps
all relevant fields in the higher-dimensional theory onto
the fields that naturally describe the lower-dimensional
effective theory. By construction, the higher dimensional
theory contains fields with well-defined transformation
laws under the groups SU(N,Mm) and ISO(1,m − 1),
and the fields in the lower-dimensional theory will corre-
spond to objects with well-defined transformation laws
under the groups SU(N,M4) and ISO(1, 3). In this
setting, it will also be shown that the gauge structure
of the higher-dimensional theory is duly mapped onto
that of the effective theory formed by SGTs and NS-
GTs; this is done by showing that the canonical trans-
formation permeates at all levels in the Dirac-Bergmann
algorithm for constraints [19]. This result implies the
classical equivalence between the effective and the origi-
nal theory. Using this compactification scheme, a precise
study of the mass spectrum in the compactified theory
can be achieved. In general, the masses of the KK modes
receive contributions from bulk radiative corrections and
boundary terms [20]. These effects yield a splitting of
the near degeneracy of KK modes at tree level and vi-
olate KK number. It has been shown [21] that such
contributions, which depend on the cutoff scale of the
extra-dimensional description, may have important phe-
nomenological implications. We would like to point out
that in the present paper we focus on the masses of the
KK modes at tree level, so whenever we say mass spec-
trum, we actually refer to tree-level mass spectrum. It will
be seen that after various unitary transformations in the
space of basic fields, the compactified Yang-Mills theory
–manifestly invariant under the gauge group SU(N,M4)
and ISO(1, 3)– contains one gauge vector field, (2n − 1)
KK towers of massive vector fields, (2n − 1) KK tow-
ers of massless (‘pseudo-Goldstone’) scalar fields, and
(2n − 1)(n − 1) massive scalar fields. Contrasting the
number of KK towers of massive ISO(1, 3) vector fields
and ISO(1, 3) massless scalar fields, we conclude that
a Higgs-like mechanism also operates in the compactifi-
cation of n extra spatial dimensions in pure Yang-Mills
theories.
As it was emphasized in Refs. [6, 13, 15], these theo-
ries must be consistently quantized since the excited KK
states contribute to standard Green’s functions (SGF)
at the one–loop level, that is, to Green’s functions with
only zero modes in external legs. A remarkable result
reported in these references was the proof that contribu-
tions from the extra dimension to the SGF are renormal-
izable at one–loop level. The only type of divergences
are those already present in the standard theory (the
theory with only zero modes), and hence they can be
absorbed in the ordinary way [6, 15]. All these consider-
ations translate automatically to the standard model in
the OUED scenario [13, 22]. From the theoretical view-
point, it is interesting to investigate if similar results can
be obtained in the quantization of the model with an
arbitrary number of extra dimensions. Besides, accord-
ing to the phenomenological understanding, it is relevant
to explore the one-loop renormalizability of the SGF in
this scenario and eventually analyse the sensitivity to the
number of UEDs of various standard model observables
3at low-energy scales in the compactification scheme that
is proposed in this paper. In fact, these are the final
goals of our investigation. In this paper we will focus
on the classical structure of the compactified gauge the-
ory, its quantization and one-loop renormalizability will
be tackled in a next communication [23]. In this way, all
concepts introduced in Ref. [7] and in the present paper
will be lifted to a practical level to search physics beyond
the standard model.
The rest of the paper has been organized as follows.
Sec. II. contains most of the new results presented in
this paper. In section IIA, the following is included:
the compactification scheme for the m-dimensional pure
SU(N,Mm) Yang-Mills theory, the Lagrangian structure
of the compactified theory and the classification of gauge
invariances of the theory into SGTs and NSGTs, and
a detailed analysis of the mass spectrum of the effec-
tive theory. In section II B, the canonical transformation
that connects the higher- and four-dimensional theories is
presented; moreover, it also contains the gauge structure
analysis of the compactified theory in phase space using
the Dirac-Bergmann algorithm for singular systems, and
the gauge generator of the SGTs and NSGTs are sepa-
rately presented. Due to the convoluted notation neces-
sary to perform the generalization to an arbitrary number
of dimensions, Sec. III is devoted to the specialization of
the general case to the m = 5, m = 6 and m = 7 cases.
Section IV presents a summary and concluding remarks.
Finally, in the Appendix A, various tables that summa-
rize the mass spectrum of the particular cases m = 6 and
m = 7 are collected.
II. YANG-MILLS THEORIES WITH AN
ARBITRARY NUMBER OF UEDs
In this section the gauge structure analysis of the Yang-
Mills theory with one UED as presented in Refs. [6, 7] is
extended to a theory with an arbitrary number of UEDs.
We will focus our attention on various classical aspects
of the compactified action. First of all, we will study the
gauge transformations of basic fields at the configuration-
space level and classify them into SGTs and NSGTs.
These transformations are central to quantizing gauge
theories in the Lorentz-covariant context of the field-
antifield formalism of BRST [6, 16]. Secondly, we will
show a detailed analysis of the mass spectrum presented
in the compactified theory, from where we will conclude
that a Higgs mechanism operates as a consequence of
the compactification. Thirdly, the Hamiltonian analysis
will be carried out, yielding the gauge generators of the
theory as well as the proof that the “fundamental” and
compactified theories are classically equivalent.
A. Lagrangian structure
The higher-dimensional theory to compactify is a pure
Yang-Mills theory on a flat Riemannian manifoldMm =
M4 ×Nn based on the SU(N) gauge group, which will
be denoted by SU(N,Mm) in order to emphasize that
gauge parameters αa are allowed to be defined over all
Mm. The components of the connection A defined on
Mm, also referred to as gauge fields, will be denoted by
AaM (x, y) once evaluated at each point (x, y) ofMm. The
gauge index a runs from 1 to N2 − 1. The pure Yang-
Mills action on the manifoldMm is constructed through
the Lagrangian
LYM(x, y) = −1
4
FaMN (x, y)FMNa (x, y) , (II.1)
where repeated indices imply summation, and M,N =
0, 1, 2, 3, 5, . . . ,m. We wish to recover the five dimen-
sional case reported in Refs. [6, 7] by setting m = 5, or
equivalently, n = 1. The Lagrangian (II.1) is invariant
under the following gauge transformations
δAaM = DabMαb , (II.2)
where DabM = δab∂M − gmfabcAcM is the covariant deriva-
tive in the adjoint representation, αa are infinitesimal
gauge parameters onMm, and the coupling constant gm
has dimensions of (mass)(4−m)/2. The curvature compo-
nents FaMN in terms of gauge fields are given by
FaMN (x, y) = ∂MAaN (x, y)− ∂NAaM (x, y)
+ gmfabcAbM (x, y)AcN (x, y) , (II.3)
and the gauge transformations Eq. (II.2) imply the fol-
lowing variations on the curvature components:
δFaMN (x, y) = gmfabcFbMN (x, y)αc(x, y) . (II.4)
According to their transformation law with respect
to the Lorentz group SO(1, 3), the gauge fields
AaM (x, y) split into 4-vectors, Aaµ(x, y), and scalarsAaµ¯(x, y) (see Ref. [7]). From now on, µ¯ =
5, 6, . . . ,m will enumerate extra dimensions; in this
notation, (x, y) = (x0, x1, x2, x3, y1, y2, . . . , yn) =
(x0, x1, x2, x3, x5, x6, . . . , xm) = (xµ, xµ¯) are coordinates
of Mm =M4 ×Nn.
We regard Nn as the product of n circles of different
radii R1, . . . , Rn, and assume the following periodicity
conditions on gauge fields and gauge parameters
AaM (x, y +R) = AaM (x, y) , (II.5a)
αa(x, y +R) = αa(x, y) , (II.5b)
where R = (R1, . . . , Rn). Replacing each extra dimen-
sion with the corresponding circle by the action of Z2 so
that, y is identified with its antipode on S1, a pure four-
dimensional Yang-Mills sector within the effective theory
is recovered after compactification. Henceforth, we as-
sume the following parity conditions on gauge fields and
gauge parameters:
Aaµ(x,−y) = Aaµ(x, y) , (II.6a)
Aaµ¯(x,−y) = −Aaµ¯(x, y) , (II.6b)
αa(x,−y) = αa(x, y) . (II.6c)
4As in the framework developed in Ref. [7], the set of requirements (II.5a), (II.6a, and II.6b) permits us to write a
point transformation which maps SU(N,Mm) gauge fields AaM onto SU(N,M4) gauge fields and other fields with
well-defined transformation laws under SU(N,M4) and ISO(1, 3). The group SU(N,M4) can be regarded as a
subgroup of SU(N,Mm) as it can be explicitly obtained by an appropriate reduction of the gauge parameters αa to
the submanifold M4. The aforementioned transformation corresponds to the following Fourier expansions:
Aaµ(x, y) =
(
1/
n∏
α=1
Rα
)1/2
A(0,...,0)aµ (x)
+
(
2/
n∏
α=1
Rα
)1/2 ∑
m
1
...m
n
′
A
(m
1
,...,mn)a
µ (x) cos
[
2pi
(
m1y
1
R1
+ · · ·+ mny
n
Rn
)]
, (II.7a)
Aaµ¯(x, y) =
(
2/
n∏
α=1
Rα
)1/2 ∑
m
1
...mn
′
A
(m
1
,...,mn)a
µ¯ (x) sin
[
2pi
(
m1y
1
R1
+ · · ·+ mny
n
Rn
)]
. (II.7b)
Some remarks on the notation are in order here. The primed sum
∑′
m
1
,...,mn
takes into account all the Fourier-mode
combinations except the zero mode (0, 0, . . . , 0); for example, in the n = 3 case, given two quantities S(m1,m2,m3) and
T (m1,m2,m3), the primed sum can be arranged into 7 different terms which are sums over repeated Fourier indices.
Explicitly
∑
m
1
m
2
m
3
′
S(m1,m2,m3) T (m1,m2,m3) =
∞∑
m1=1
S(m1,0,0) T (m1,0,0) +
∞∑
m2=1
S(0,m2,0) T (0,m2,0) +
∞∑
m3=1
S(0,0,m3) T (0,0,m3)
+
∞∑
m1,m2=1
S(m1,m2,0) T (m1,m2,0) +
∞∑
m1,m3=1
S(m1,0,m3) T (m1,0,m3)
+
∞∑
m2,m3=1
S(0,m2,m3) T (0,m2,m3) +
∞∑
m1,m2,m3=1
S(m1,m2,m3) T (m1,m2,m3) . (II.8)
The primed sum over n Fourier indices can be arranged
into 2n − 1 different terms which are conventional sums,
all of them starting from 1. The zero Fourier mode
A
(0,...,0)a
µ in the expansion (II.7a) corresponds to the com-
ponents of a SU(N,M4) gauge vector field, whereas
all excited KK modes A
(m1,0,...,0)a
M , A
(0,m2,0,...,0)a
M , . . .
, A
(0,0,...,mn)a
M , A
(m1,m2,0,...,0)a
M , A
(m1,0,m3,0,...,0)a
M , . . . ,
A
(m1,...,mn)a
M transform under the adjoint representation
of this group [see (II.25) below].
Taking advantage of the periodicity and parity proper-
ties (II.5b) and (II.6c) of the gauge parameters, and us-
ing the primed sum notation, the corresponding Fourier
expansions for these functions take the form
αa(x, y) =
(
1/
n∏
α=1
Rα
)1/2
α(0,...,0)a(x)
+
(
2/
n∏
α=1
Rα
)1/2 ∑
m
1
...mn
′
α(m1,...,mn)a(x)
× cos
[
2pi
(
m1y
1
R1
+ · · ·+ mny
n
Rn
)]
. (II.9)
Notice that if the dependence of gauge parameters is re-
duced toM4 by integrating out the extra spatial dimen-
sions, then only the scalar functions α(0,...,0)a remain in
this expansion. It is worth to mention that in the BRST
formalism, gauge parameters are elevated to degrees of
freedom at the classical level since they are needed to
quantize the theory.
On the spacetime manifold M4 × Nn, the curvature
components belong to three qualitatively different sectors
with respect to their transformation law under ISO(1, 3):
(i) the (M4-M4) sector, Faµν(x, y), contains 2-tensors;
(ii) the (M4-Nn) sector, Faµν¯(x, y), contains vectors; and
(iii) the (Nn-Nn) sector, Faµ¯ν¯(x, y), contains scalars. The
periodicity and parity properties of the curvature com-
ponents, after compactification, are dictated by the cor-
responding properties of the gauge fields; therefore,
FaMN (x, y +R) = FaMN (x, y) , (II.10)
and
Faµν(x,−y) = Faµν(x, y) , (II.11a)
Faµν¯(x,−y) = −Faµν¯(x, y) , (II.11b)
Faµ¯ν¯(x,−y) = Faµ¯ν¯(x, y) . (II.11c)
5The set of requirements (II.10) and (II.11) allows us to expand the different curvature sectors in Fourier series as
follows:
Faµν(x, y) =
(
1/
n∏
α=1
Rα
)1/2
F (0,...,0)aµν (x)
+
(
2/
n∏
α=1
Rα
)1/2 ∑
m
1
...m
n
′F (m1,...,mn)aµν (x) cos
[
2pi
(
m1y
1
R1
+ · · ·+ mny
n
Rn
)]
, (II.12a)
Faµν¯(x, y) =
(
2/
n∏
α=1
Rα
)1/2 ∑
m
1
...mn
′F (m1,...,mn)aµν¯ (x) sin
[
2pi
(
m1y
1
R1
+ · · ·+ mny
n
Rn
)]
, (II.12b)
Faµ¯ν¯(x, y) =
(
1/
n∏
α=1
Rα
)1/2
F (0,...,0)aµ¯ν¯ (x)
+
(
2/
n∏
α=1
Rα
)1/2 ∑
m
1
...m
n
′F (m1,...,mn)aµ¯ν¯ (x) cos
[
2pi
(
m1y
1
R1
+ · · ·+ mny
n
Rn
)]
. (II.12c)
The orthogonality of the trigonometric functions en-
ables a direct integration of the compact extra dimen-
sions in Eq. (II.1), obtaining in this way an effective four-
dimensional theory
L 4YM =
∫ R1
0
· · ·
∫ Rn
0
dny LYM . (II.13)
The effective Lagrangian becomes a function of the
zero modes F (0,...,0)aµν and F (0,...,0)aµ¯ν¯ , as well as all the
excited modes F (0,mi,0,...,0)aMN , F (0,mi,0,...,0,mj ,0)aMN , . . . ,
F (m1,m2,...,mn)aMN . Explicitly
L 4YM = − 1
4
[
F (0,...,0)aµν F (0,...,0)µνa + F (0,...,0)aµ¯ν¯ F (0,...,0)µ¯ν¯a
+
∑
m
1
...mn
′ (F (m1,...,mn)aµν F (m1,...,mn)µνa
+ 2F (m1,...,mn)aµν¯ F (m1,...,mn)µν¯a
+ F (m1,...,mn)aµ¯ν¯ F (m1,...,mn)µ¯ν¯a
)]
, (II.14)
notice that, after expanding the primed sum, no coupling
between curvature components with two different Fourier
modes occurs in the Lagrangian.
By virtue of Eqs. (II.3), (II.7) and (II.12), the ef-
fective action S =
∫
d4xL 4YM becomes a functional
of the zero mode A
(0,...,0)a
µ and all the excited KK
modes A
(0,mi,0,...,0)a
M , . . . , A
(m1,...,mn)a
M . These are the
built-in configuration variables of the compactified the-
ory. Indeed, it is straightforward to determine the
form of F (0,...,0)aµν , F (0,...,0)aµ¯ν¯ , and all excited KK modes
F (0,mi,0,...,0)aMN , . . . , F (m1,...,mn)aMN in terms of A(0,...,0)aµ and
all excited KK modes of gauge fields A
(0,mi,0,...,0)a
M , . . . ,
A
(m1,...,mn)a
M : One introduces the expansions (II.7) into
the explicit form of the curvature as a function of gauge
fields (II.3), then uses the Fourier expansions of the cur-
vature sectors (II.12). Then –by taking advantage of the
orthogonality of the trigonometric functions– one obtains
(after convenient integrations)
F (0,...,0)aµν = F (0,...,0)aµν + gfabc
×
∑
k
1
,...kn
′
A
(k
1
,...,kn)b
µ A
(k
1
,...,kn)c
ν , (II.15a)
F (0,...,0)aµ¯ν¯ = gfabc
∑
k
1
...k
n
′
A
(k
1
,...,kn)b
µ¯ A
(k
1
,...,kn)c
ν¯ , (II.15b)
and all the excited KK modes summarized as follows:
6F (m1,...,mn)aµν = 2D(0,...,0)ab[µ A
(m
1
,...,mn)b
ν]
+ gfabc
∑
r
1
...r
n
′ ∑
k
1
...kn
′
A
(k
1
,...,kn)b
µ A
(r
1
,...,rn)c
ν ∆m
1
...mnk1...knr1...rn
, (II.16a)
F (m1,...,mn)aµν¯ = D(0,...,0)abµ A(m1,...,mn)bν¯ + 2pi
(
m1δν¯5
R1
+ · · ·+ mnδν¯ n+4
Rn
)
A
(m
1
,...,mn)a
µ
+ gfabc
∑
r
1
...r
n
′ ∑
k
1
...kn
′
A
(k
1
,...,kn)b
µ A
(r
1
,...,rn)c
ν¯ ∆
′
m
1
...m
n
r
1
...r
n
k
1
...k
n
, (II.16b)
F (m1,...,mn)aµ¯ν¯ = 4pi
(
m1δ5[µ¯
R1
+ · · ·+ mnδn+4 [µ¯
Rn
)
A
(m
1
,...,mn)a
ν¯]
+ gfabc
∑
r
1
...r
n
′ ∑
k
1
...kn
′
A
(k
1
,...,kn)b
µ¯ A
(r
1
,...,rn)c
ν¯ ∆
′
k
1
...k
n
r
1
...r
n
m
1
...m
n
. (II.16c)
From now on, equations for Fourier components labeled by (m1,m2, . . . ,mn) are valid for any combination of non-
negative integers except (0, 0, . . . , 0). Hence, for example, in Eq. (II.16b) the functional form of F (0,m2,0,...,0)aµν¯ in
terms of gauge-field components can be found. Moreover, enclosing two indices within a squared bracket implies
antisymmetrization, e.g. T[µν] :=
1
2 (Tµν − Tνµ), and the following definitions are used:
∆k
1
...k
n
r
1
...r
n
m
1
...m
n
≡ 1√
2
(
δk
1
r
1
+m
1
· · · δk
n
r
n
+m
n
+ δr
1
k
1
+m
1
· · · δr
n
k
n
+m
n
+ δm
1
k
1
+r
1
· · · δm
n
k
n
+r
n
)
, (II.17a)
∆′k
1
...k
n
r
1
...r
n
m
1
...m
n
≡ 1√
2
(
δk
1
r
1
+m
1
· · · δk
n
r
n
+m
n
+ δr
1
k
1
+m
1
· · · δr
n
k
n
+m
n
− δm
1
k
1
+r
1
· · · δm
n
k
n
+r
n
)
. (II.17b)
Although these multi-index objects are well defined for all
positive values of their indices, including the case where
all of them vanish, the values ∆0...0 and ∆
′
0...0 are not
needed since they do not arise in Eqs. (II.16). As a con-
sequence of their definition, the multi-index objects ∆
and ∆′ have the following symmetry properties in their
indices:
∆k
1
...knr1...rnm1...mn
= ∆m
1
...mnk1...knr1,...rn
= ∆r
1
,...r
n
m
1
...m
n
k
1
...k
n
, (II.18a)
∆′k
1
...knr1...rnm1...mn
= ∆′r
1
...rnk1...knm1...mn
. (II.18b)
The following observation is useful in the calculation of
some values taken by these multi-index object. Each
∆ and ∆′ contains n triplets of indices, (k1r1m1),
(k2r2m2), . . ., and (knrnmn): If any triplet contains one
and only one of the indices different from zero, then the
corresponding value of ∆ and ∆′ vanishes. Finally, the
dimensionless coupling constant g ≡ gm/
√
R1 · · ·Rn ex-
plicitly emerges in Eqs. (II.15) and (II.16), and it is also
encountered in the definitions
D(0,...,0)abµ ≡ δab∂µ − gfabcA(0,...,0)cµ , (II.19)
F (0,...,0)aµν ≡ ∂µA(0,...,0)aν − ∂νA(0,...,0)aµ
+ gfabcA(0,...,0)bµ A
(0,...,0)c
ν . (II.20)
To clarify the notation, explicit examples, such asm = 5,
m = 6 and m = 7 will be treated in the following section.
The gauge structure of the effective field theory
Eq. (II.14) is non-trivial, but it can be unravelled by us-
ing the point transformation Eq. (II.7) and the gauge
symmetry Eq. (II.2) present in the higher-dimensional
theory. By introducing the Fourier expansion of the dif-
ferent connection components Eq. (II.7) and gauge pa-
rameters Eq. (II.9) into the gauge transformation of the
higher-dimensional theory Eq. (II.2), and by making use
of the orthogonality of the trigonometric functions, one
obtains that the transformation for each zero mode is
δA(0,...,0)aµ = D(0,...,0)abµ α(0,...,0)b
+ gfabc
∑
k
1
...kn
′
A
(k
1
,...,k
n
)b
µ α
(k
1
,...,kn)c ,
(II.21)
and for all KK excited modes are
7δA
(m
1
,...,m
n
)a
µ = gfabcA
(m
1
,...,m
n
)b
µ α
(0,...,0)c +D(0,...,0)abµ α(m1,...,mn)b
− gfabc
∑
r
1
...rn
′ ∑
k
1
...kn
′
A
(k
1
,...,k
n
)c
µ α
(r
1
,...,rn)b∆m
1
...m
n
k
1
...k
n
r
1
,...r
n
, (II.22a)
δA
(m
1
,...,m
n
)a
µ¯ = gfabcA
(m
1
,...,m
n
)b
µ¯ α
(0,...,0)c − 2pi
(
m1δµ¯ 5
R1
+ · · ·+ mnδµ¯ n+4
Rn
)
α(m1,...,mn)a ,
− gfabc
∑
r
1
...rn
′ ∑
k
1
...kn
′
A
(k
1
,...,k
n
)c
µ¯ α
(r
1
,...,rn)b∆′m
1
,...mnk1...knr1...rn
. (II.22b)
Due to our notation, one can find, for example, the explicit form for δA
(0,m2,0,m4,0...,0)a
µ (with m2,m4 > 0) from
Eq. (II.22a).
Defining
D(m1,...,mnr1,...,rn)abµ = D(0,...,0)abµ δm1r1 · · · δmnrn − gfabc
∑
k
1
...k
n
′
A
(k
1
,...,kn)c
µ ∆m
1
...m
n
k
1
...k
n
r
1
...r
n
, (II.23a)
D(m1,...,mnr1,...,rn)abµ¯ =− 2pi
(
m1δµ¯ 5
R1
+ · · ·+ mnδµ¯ n+4
Rn
)
δm1r1 · · · δmnrnδab
− gfabc
∑
k
1
...k
n
′
A
(k
1
,...,kn)c
µ¯ ∆
′
m
1
...mnk1...knr1...rn
, (II.23b)
one can easily see that Eqs. (II.22a) and (II.22b) take the following suggestive form:
δA
(m
1
,...,mn)a
µ = gfabcA
(m
1
,...,mn)b
µ α
(0,...,0)c +
∑
r
1
...r
n
′D(m1,...,mnr1,...,rn)abµ α(r1,...,rn)b , (II.24a)
δA
(m
1
,...,m
n
)a
µ¯ = gfabcA
(m
1
,...,m
n
)b
µ¯ α
(0,...,0)c +
∑
r
1
...rn
′D(m1,...,mnr1,...,rn)abµ¯ α(r1,...,rn)b . (II.24b)
Eqs. (II.21) and (II.24) consist of two parts: The SGTs,
δsA
(0,...,0)a
µ = D(0,...,0)abµ α(0,...,0)b , (II.25a)
δsA
(m
1
,...,mn)a
µ = gfabcA
(m
1
,...,mn)b
µ α
(0,...,0)c , (II.25b)
δsA
(m
1
,...,mn)a
µ¯ = gfabcA
(m
1
,...,mn)b
µ¯ α
(0,...,0)c , (II.25c)
and the NSGTs
δnsA
(0,...,0)a
µ = gfabc
∑
k
1
...kn
′
A
(k
1
,...,kn)b
µ α
(k
1
,...,kn)c , (II.26a)
δnsA
(m
1
,...,mn)a
µ =
∑
k
1
...kn
′D(m1,...,mnk1,...,kn)abµ α(k1,...,kn)b , (II.26b)
δnsA
(m
1
,...,m
n
)a
µ¯ =
∑
k
1
...kn
′D(m1,...,mnk1,...,kn)abµ¯ α(k1,...,kn)b . (II.26c)
From Eq. (II.25) the zero mode components A
(0,...,0)a
µ transform as gauge fields with respect to the SGTs; these trans-
formations correspond to the group SU(N,M4). All KK excited modes A(0,mi,0,...,0)aM , . . . , A(m1,...,mn)aM transform as
matter fields in the adjoint representation of this group.
At the level of the Fourier components of the curvature, the corresponding transformations can be obtained by
plugging the Fourier expansions of curvature components [Eq. (II.12)] and gauge parameters [Eq. (II.9)] into the
transformation rule (II.4). Using the orthogonality of the trigonometric functions, one obtains for each zero mode
δF (0,...,0)aµν = gfabc(F (0,...,0)bµν α(0,...,0)c +
∑
k
1
...kn
′F (k1,...,kn)bµν α(k1,...,kn)c) , (II.27a)
δF (0,...,0)aµ¯ν¯ = gfabc(F (0,...,0)bµ¯ν¯ α(0,...,0)c +
∑
k
1
...k
n
′F (k1,...,kn)bµ¯ν¯ α(k1,...,kn)c) , (II.27b)
8and for the KK excited modes
δF (m1,...,mn)aµν = gfabc
(
F (m1,...,mn)bµν α(0,...,0)c +
+
∑
k
1
...kn
′[
δm
1
k
1
· · · δm
n
k
n
F (0,...,0)bµν +
∑
r
1
...r
n
′
∆m
1
...m
n
r
1
...r
n
k
1
...k
n
F (r1,...,rn)bµν
]
α(k1,...,kn)c
 (II.28a)
δF (m1,...,mn)aµν¯ = gfabc
F (m1,...,mn)bµν¯ α(0,...,0)c + ∑
k
1
...kn
′ ∑
r
1
...rn
′
∆′m
1
...mnr1...rnk1...kn
F (r1,...,rn)bµν¯ α(k1,...,kn)c
 (II.28b)
δF (m1,...,mn)aµ¯ν¯ = gfabc
(
F (m1,...,mn)bµ¯ν¯ α(0,...,0)c +
+
∑
k
1
...kn
′[
δm
1
k
1
· · · δmnknF
(0,...,0)b
µ¯ν¯ +
∑
r
1
...rn
′
∆m
1
...mnr1...rnk1...kn
F (r1,...,rn)bµ¯ν¯
]
α(k1,...,kn)c
 . (II.28c)
Using these transformation laws, the invariance of the ef-
fective Lagrangian Eq. (II.14) can be verified. Notice that
Eqs. (II.28) are valid for any combination of non-negative
integers m1, . . . ,mn except for the case when all of them
vanish. Therefore, from Eqs. (II.28) one finds, for exam-
ple, δF (0,m2,0,...,0)aµν¯ , and so on. In the expansion of the
primed sums, the remarks mentioned in the paragraph
after Eq. (II.16) are also applicable.
It is important to stress that the invariance of the La-
grangian, Eq. (II.14), under the transformations defined
by Eqs. (II.21) and (II.24) is not necessarily immediate.
Just as in the case of only one UED (see Ref. [7]), a di-
rect calculation of the curvature variations δF ( ... )aMN from
Eqs. (II.21) and (II.24) gives rise to terms quadratic in
g in comparison with Eq. (II.28); this would destroy the
invariance of the effective Lagrangian Eq. (II.14) under
gauge transformations (II.21) and (II.24). However, it
can be shown that these terms must vanish by consis-
tency with the Fourier transformation Eq. (II.7), or by
consistency with the canonical transformation introduced
in the following section.
Due to the structure of Eqs. (II.15)-(II.16), SGTs (II.25), and the compactified Lagrangian (II.14), the mass
spectrum of the basic ISO(1, 3) vector and scalar fields can be arranged as in Tables I , II and III. The tilde (˜ ) on
top of various fields will be clarified below.
Number of nonzero KK Tower Squared Mass of
Fourier indices each field
0 A
(0,...,0)a
µ 0
1 A
(0,mi,0,...,0)a
µ
(
2pimi
Ri
)2
2 A
(0,mi,0,...,0,mj ,0)a
µ
(
2pimi
Ri
)2
+
(
2pimj
Rj
)2
3 A
(0,mi,0,...,0,mj ,0,...,0,mk,0)a
µ
(
2pimi
Ri
)2
+
(
2pimj
Rj
)2
+
(
2pimk
Rk
)2
...
n A
(m1,m2,...,mn)a
µ
(
2pim1
R1
)2
+
(
2pim2
R2
)2
+ · · ·+
(
2pimn
Rn
)2
TABLE I: Mass spectrum of the different KK towers of vector fields
9Number of nonzero KK Tower Restriction over the
Fourier indices values of µ¯
1 A
(0,mi,0...,0)a
µ¯ µ¯ = i+ 4
2 A˜
(0,mi,0,...,0,mj ,0)a
µ¯ µ¯ = j + 4
3 A˜
(0,mi,0,...,0,mj ,0,...,0,mk,0)a
µ¯ µ¯ = k + 4
...
n− 1 A˜
(mi1 ,mi2 ,...,mir−1 ,0,mir+1 ,...,min )a
µ¯ µ¯ = in + 4
n A˜
(m1,m2,...,mn)a
µ¯ µ¯ = n+ 4
TABLE II: Massless scalar fields or pseudo-Goldstone bosons
Number of nonzero KK Tower Restriction over the Squared Mass of
Fourier indices values of µ¯ each field
1 A
(0,mi,0...,0)a
µ¯ µ¯ 6= i+ 4
(
2pimi
Ri
)2
2 A˜
(0,mi,0,...,0,mj ,0)a
µ¯ µ¯ = i+ 4
(
2pimi
Ri
)2
+
(
2pimj
Rj
)2
2 A
(0,mi,0,...,0,mj ,0)a
µ¯ µ¯ 6= i+ 4, j + 4
(
2pimi
Ri
)2
+
(
2pimj
Rj
)2
3 A˜
(0,mi,0,...,0,mj ,0,...,0,mk,0)a
µ¯ µ¯ = i+ 4, j + 4
(
2pimi
Ri
)2
+
(
2pimj
Rj
)2
+
(
2pimk
Rk
)2
3 A
(0,mi,0,...,0,mj ,0,...,0,mk,0)a
µ¯ µ¯ 6= i+ 4, j + 4, k + 4
(
2pimi
Ri
)2
+
(
2pimj
Rj
)2
+
(
2pimk
Rk
)2
...
n− 1 A˜
(mi1 ,mi2 ,...,mir−1 ,0,mir+1 ,...,min )a
µ¯ µ¯ 6= ir + 4, in + 4
∑
j 6=ir
(
2pimj
Rj
)2
n− 1 A
(mi1 ,mi2 ,...,mir−1 ,0,mir+1 ,...,min )a
µ¯ µ¯ = ir + 4
∑
j 6=ir
(
2pimj
Rj
)2
n A˜
(m1,m2,...,mn)a
µ¯ µ¯ 6= n+ 4
∑
j
(
2pimj
Rj
)2
TABLE III: Massive scalar fields
From Table I there are 2n−1 different KK towers of mas-
sive vector fields; one of these towers is, for example, rep-
resented by A
(0,m2,m3,0,...,0)a
µ , with m2,m3 = 1, 2, 3, . . . .
In the compactified theory, there are (2n −
1)n different KK towers of scalars: A
(0,mi,0,...,0)a
µ¯ ,
A
(0,mi,0,...,0,mj,0,...,0)a
µ¯ , . . . , and A
(m1,m2,...,mn)a
µ¯ . Among
the
(
n
1
)
n different KK towers of scalars of the form
A
(0,mi,0,...,0)a
µ¯ ,
(
n
1
)
(n − 1) KK towers include massive
fields of the type A
(0,mi,0,...,0)a
µ¯ (µ¯ 6= i + 4), and the
remaining
(
n
1
)
KK towers contain massless fields of the
type A
(0,mi,0,...,0)a
i+4 , all of which straightforwardly emerge
from the squared terms F (0,mi,0,...,0)aµ¯ν¯ F (0,mi,0,...,0)µ¯ν¯a in
the effective Lagrangian, Eq. (II.14). Among the(
n
2
)
n different KK towers of scalars of the form
A
(0,mi,0,...,0,mj,0)a
µ¯ ,
(
n
2
)
(n − 2) include massive fields of
the form A
(0,mi,0,...,0,mj ,0)a
µ¯ (µ¯ 6= i + 4 and µ¯ 6= j +
4), and the remaining 2
(
n
2
)
KK towers emerge mixed
in pairs by
(
n
2
)
real and symmetric 2 × 2 matrices
within the effective Lagrangian. The diagonalization
of these matrices gives rise to
(
n
2
)
KK towers of mas-
sive scalar fields which are denoted by A˜
(0,mi,0,...,0,mj,0)a
µ¯
(µ¯ = i + 4), and
(
n
2
)
KK towers of massless scalar
fields which are denoted by A˜
(0,mi,0,...,0,mj,0)a
µ¯ (µ¯ =
j + 4). The eigenvalues in the diagonalization pro-
cess define the squared mass of the corresponding fields.
In the same manner, among the
(
n
3
)
n KK towers of
scalars of the form A
(0,mi,0,...,0,mj ,0,...,0,mk,0)a
µ¯ ,
(
n
3
)
(n −
3) of them contain massive scalar fields of the form
A
(0,mi,0,...,0,mj,0,...,0,mk,0)a
µ¯ (µ¯ 6= i + 4, j + 4, k + 4), and
the remaining 3
(
n
3
)
KK towers emerge mixed in triads by(
n
3
)
real and symmetric 3×3 matrices within the effective
Lagrangian. The diagonalization of these matrices gives
rise to 2
(
n
3
)
KK towers of massive scalars denoted by
A˜
(0,mi,0,...,0,mj,0,...,0,mk,0)a
µ¯ (µ¯ = i+4, j+4), and
(
n
3
)
KK
towers of massless scalars that include scalars denoted by
A˜
(0,mi,0,...,0,mj,0,...,0,mk,0)a
µ¯ (µ¯ = k+4). This classification
continues and, in the end, the
(
n
n
)
n = n KK towers of
scalars of the form A
(m1,m2,...,mn)a
µ¯ emerged mixed in n-
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tuples by
(
n
n
)
= 1 real and symmetric n×n matrix within
the effective Lagrangian. The diagonalization of this ma-
trix gives rise to (n−1)(nn) = n−1 KK towers of massive
scalars denoted by A˜
(m1,m2,...,mn)a
µ¯ (µ¯ 6= n + 4) and one
KK tower of massless scalars denoted by A˜
(m1,m2,...,mn)a
µ¯
(µ¯ = n+ 4).
Having clarified the origin and meaning of the tilde
fields, worth noticing is the equality in the number of
different KK towers of massive vector fields (2n − 1) and
that of massless scalar fields (
∑n
k=1
(
n
k
)
), just as it oc-
curs in a genuine Higgs mechanism; thus, we refer to the
latter as pseudo-Goldstone bosons. In addition, the num-
ber of KK towers, α(0,ki,0,...,0)a, α(0,ki,0,...,0,kj ,0,...,0)a, . . .
, α(k1,k2,...,kn)a, involved in the NSGTs Eq. (II.26c), coin-
cides with the number of pseudo-Goldstone bosons cited
above. This observation suggests that there is a particu-
lar NSGT in which the pseudo-Goldstone bosons can be
eliminated; such a particular gauge is the unitary gauge.
There are, however, two remarkable differences between
the compactification process we are reporting in this pa-
per and a genuine Higgs mechanism. (i) In the former
there are no broken generators at the level of the gauge
algebra: the gauge group SU(N,M4) of the compacti-
fied theory is a subgroup of the gauge group SU(N,Mm)
of the higher-dimensional theory where both structures
share the same gauge generators. (ii) In contrast with
a Lagrangian where the Higgs mechanism has taken ef-
fect, the Lagrangian Eq. (II.14) contains an infinite nu-
merable set of pseudo-Goldstone bosons codified in the
corresponding KK towers.
B. Hamiltonian structure
This subsection deals with the phase-space description
of the model described by Eq. (II.14). This analysis will
allow us to recognize the gauge generators of the SGTs
and NSGTs, Eqs. (II.25) and (II.26), as the image of
the generator of Eq. (II.2) under a particular canonical
transformation that is partially given by Eq. (II.7). This
study is done in the spirit of Ref. [7]. In order to recog-
nize the desired canonical transformation, let us recall the
Hamiltonian description of the theory Eq.(II.1), in which
the conjugate momentum field to AaM is piMa = FM0a ;
the canonical analysis yields the following first-class con-
straints:
φ(1)a = pi
0
a ≈ 0 (II.29a)
φ(2)a = DabI piIa ≈ 0 (II.29b)
where I labels all spatial components of Mm and ≈ de-
notes a weak equality as introduced in Refs. [19]. The
number of physical degrees of freedom in Dirac’s sense is
(N2 − 1)(m − 2) per spatial point of Mm. The gauge
algebra has the structure that reflects the underlying
group: the nontrivial Poisson brackets (PBs) between
constraints are
{φ(2)a [u], φ(2)b [v]}SU(N,M) = gmfabc φ(2)c [uv] (II.30)
where the PB {· , ·}SU(N,M) is calculated us-
ing the canonical pairs (AaM , piMa ) and φ(2)a [u] :=∫
d3x dny u(x, y)φ
(2)
a (x, y), with u a well behaved smear-
ing function. The infinitesimal gauge transformations
Eq. (II.2) can be recovered using the gauge generator [24]
G = (Dab0 αb)φ(1)a − αaφ(2)a (II.31)
via the PBs as follows:
δAaµ = {Aaµ, G}SU(N,M) . (II.32)
The phase space for the model of Eq. (II.14) is
endowed with the conjugate pairs (A
(0,...,0)a
µ , pi
(0,...,0)µ
a ),
(A
(0,mi,...,0)a
M , pi
(0,mi,...,0)M
a ), (A
(0,mi,0...,0,mj,0,...,0)a
M ,
pi
(0,mi,0...,0,mj,0,...,0)M
a ), . . . , (A
(m1,...,mn)a
M , pi
(m1,...,mn)M
a );
where the different conjugate momentum fields are
pi(0,...,0)µa = F (0,...,0)µ0a , (II.33a)
pi
(m
1
,...,mn)µ
a = F (m1,...,mn)µ0a , (II.33b)
pi
(m
1
,...,mn)µ¯
a = F (m1,...,mn)µ¯0a . (II.33c)
Recall that the Fourier indices (m1, . . . ,mn) take val-
ues for any combination of non-negative integers ex-
cept for the case (0, 0, . . . , 0). Therefore, according to
Eqs. (II.25), (II.27) and (II.28), canonical pairs corre-
spond to well-defined objects with respect to the group
SU(N,M4), whose gauge parameters are α(0,...,0)a de-
fined on M4. Moreover, the Fourier expansion of the
different curvature components Eqs. (II.12) and their re-
lation with conjugate momenta allow us to write the fol-
lowing expansions:
piµa (x, y) =
(
1/
n∏
α=1
Rα
)1/2
pi(0,...,0)µa (x)
+
(
2/
n∏
α=1
Rα
)1/2 ∑
m
1
...mn
′
pi
(m
1
,...,m
n
)µ
a (x)
× cos
[
2pi
(
m1y
1
R1
+ · · ·+ mny
n
Rn
)]
,
(II.34a)
piµ¯a (x, y) =
(
2/
n∏
α=1
Rα
)1/2 ∑
m
1
...mn
′
pi
(m
1
,...,mn)µ¯
a (x)
× sin
[
2pi
(
m1y
1
R1
+ · · ·+ mny
n
Rn
)]
.
(II.34b)
These expansions relate all conjugate momenta of the
higher-dimensional theory, manifestly invariant under
SU(N,Mm), with those inherent to the effective the-
ory invariant under SU(N,M4). Eqs. (II.7) and (II.34)
together define a canonical transformation; the proof can
be carried out along the same lines of the Appendix A
of Ref. [7] and we will not repeat it here. This result
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ensures that the canonical Hamiltonians of each the-
ory –the fundamental and the compactified one– are
related via this transformation. In addition we have:
{· , ·}SU(N,M) = {· , ·}SU(N,M4), where {· , ·}SU(N,M4) is
calculated with respect to the built-in canonical conju-
gate pairs of the compactified theory. In order to con-
tinue with the canonical analysis of the effective theory,
we establish the following proposition.
Proposition II.1 The canonical transformation in-
duced by the Fourier expansions faithfully maps the set of
primary constraints (II.29a) of the m-dimensional pure
SU(N,Mm) Yang-Mills theory onto the set of primary
constraints
φ(1)(0,...,0)a = pi
(0,...,0)0
a ≈ 0 , (II.35a)
φ(1)(0,mi,0,...,0)a = pi
(0,mi,0,...,0)0
a ≈ 0 (II.35b)
...
φ(1)(m1,...,mn)a = pi
(m1,...,mn)0
a ≈ 0 (II.35c)
associated to the compactified Yang-Mills theory.
The proof is straightforward from the Eq. (II.34a) and
the linear independence of the trigonometric functions
(see also Proposition IV.2 of Ref. [7]). Proposition II.1
implies that the primary Hamiltonian –the generator of
time evolution in any constrained system– in the higher
dimensional theory is mapped into the corresponding pri-
mary Hamiltonian of the effective theory. Indeed, a pri-
mary Hamiltonian function is defined as the canonical
Hamiltonian plus a linear combination of primary con-
straints. This ensures that the effective theory presents
at most secondary constraints which, concurrently, are
the image of the secondary constraint Eq. (II.29b) un-
der the canonical transformation built from Eqs. (II.7)
and (II.34). These effective secondary constraints are [25]
φ(2)(0,...,0)a = D(0,...,0)abi pi(0,...,0)ia
− gfabc
∑
k
1
...kn
′
A
(k
1
,...,kn)c
I pi
(k
1
,...,kn)I
b
(II.36a)
φ
(2)(m
1
,...,mn)
a =
∑
k
1
...k
n
′{D(m1,...,mn,k1,...,kn)abi pi(k1,...,kn)ib
+
[
2pi
(
m1δµ¯ 5
R1
+ · · ·+ mnδµ¯ n+4
Rn
)
δm1k1 · · · δmnknδab
− gfabc
∑
r
1
...rn
′
A
(r
1
,...,rn)c
µ¯ ∆
′
r
1
...rnk1...knm1...mn
]
pi
(k
1
,...,kn)µ¯
b
}
− gfabcA(m1,...,mn)ci pi(0,...,0)ib (II.36b)
where i = 1, 2, 3.
An important consequence of the canonical transformation is that the gauge algebra associated to the effective theory
is the image, under such a transformation, of the gauge algebra linked to the higher-dimensional theory (II.30); hence,
{φ(2)(0,...,0)a [u], φ(2)(0,...,0)b [v]} = gfabcφ(2)(0,...,0)c [uv] (II.37a)
{φ(2)(0,...,0)a [u], φ(2)(m1,...,mn)b [v]} = gfabcφ(2)(m1,...,mn)c [uv] (II.37b)
{φ(2)(m1,...,mn)a [u], φ(2)(r1,...,rn)b [v]} = gfabc (δm1r1 · · · δmnrnφ(2)(0,...,0)c [uv]
+
∑
k
1
...k
n
′
∆m
1
,...,m
n
r
1
,...,r
n
k
1
,...,k
n
φ
(2)(k
1
,...,kn)
c [uv]) (II.37c)
Finally, the gauge generator that reproduces the gauge transformations Eqs. (II.21) and (II.24) is the sum of the
following generators:
Gs =
(D(0,...,0)ab0 α(0,...,0)b)φ(1)(0,...,0)a + gfabc ∑
m
1
...mn
′
A
(m
1
,...,m
n
)b
0 α
(0,...,0)cφ
(1)(m
1
,...,m
n
)
a − α(0,...,0)aφ(2)(0,...,0)a ,
(II.38a)
Gns = gfabc
∑
m
1
...mn
′(
A
(m
1
,...,mn)b
0 α
(m
1
,...,mn)cφ(1)(0,...,0)a +
∑
k
1
...k
n
′D(m1,...,mn,k1,...,kn)ab0 α(k1,...,kn)bφ(1)(m1,...,mn)a
− α(m1,...,mn)aφ(2)(m1,...,mn)a
)
. (II.38b)
The functionGs (Gns) duly reproduces Eqs. (II.25) (resp. Eqs.(II.26)) via the PBs defined on the phase space associated
to the effective theory.
We end this section with the remark that the set of
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SGTs (II.25) –in contrast with the set of NSGTs– does
exponentiate into a group, namely, into SU(N,M4) as
can be seen from the gauge subalgebra (II.37a) and the
fact that the gauge generator Gs contains as parameters
α(0,0,...,0)a(x). These parameters come from reducing the
parameters αa(x, y), defined all overMm, toM4 by com-
pactification [see Eq. (II.9)]. In terms of the concepts
introduced in Ref.[7] the gauge symmetry of the higher
dimensional SU(N,Mm) is hidden after the implemen-
tation of the canonical transformation into the form of
the SGTs and NSGTs.
III. SPECIAL CASES: m = 5, 6, 7
In this section, using the general theory presented
above, we recover the main results reported in Ref. [7]
obtained in the OUED (m = 5) context. We also present
in some detail the cases m = 6 and m = 7. The last two
are particularly useful in order to spell out the notation
introduced in the previous section.
A. Case m = 5
In this special case, µ runs from 0 to 3, and µ¯ only
takes the value of 5. Having one extra spatial dimension
implies that the relevant quantities in the compactified
theory contain only one Fourier-mode index. Inside the
primed sum introduced above, the zero Fourier mode is
not permitted, hence in five dimensions the following re-
duction applies:∑
m
1
′
T (m1)S(m1) =
∞∑
m=1
T (m)S(m) . (III.1)
The general compactified Lagrangian Eq. (II.14) is re-
duced to the one presented in Refs. [6, 7], namely,
L 4YM =− 1
4
F (0)aµν F (0)µνa
− 1
4
∑
m=1
(
F (m)aµν F (m)µνa + 2F (m)aµ5 F (m)µ5a
)
,
(III.2)
which is a sum of quadratic monomials in the different
sectors of the curvature, where each term has a definite
Fourier mode.
Curvature components can be expressed in terms of
the configuration variables (fields on M4) A(0)aµ , A(m)aµ ,
and A
(m)a
5 . It is not difficult to see that in five dimen-
sions, Eqs. (II.15b) and (II.16c) become trivial equali-
ties, and that by using Eq. (III.1) the general expression
Eq. (II.15a) straightforwardly becomes:
F (0)aµν = F (0)aµν + gfabc
∑
k=1
A(k)bµ A
(k)c
ν , (III.3)
in agreement with the corresponding equation reported
in Ref.[7]. In five dimensions, Eq. (II.16a) is directly
reduced to
F (m1)aµν = 2D(0)ab[µ A
(m
1
)b
ν]
+ gfabc
∑
r
1
′ ∑
k
1
′
A
(k
1
)b
µ A
(r
1
)c
ν ∆m
1
k
1
r
1
with D(0)abµ the obvious reduction from Eq. (II.19) to
five dimensions. According to the notation introduced
previously, the foregoing equation is only valid for m1 =
m1 = 1, 2, . . . ; hence, after performing the primed sums,
F (m1)aµν = 2D(0)ab[µ A(m1)bν]
+ gfabc
∑
r1
∑
k1
A(k1)bµ A
(r1)c
ν ∆k1r1m1 . (III.4)
In a similar fashion, Eq. (II.16b) is reduced to
F (m1)aµ5 = D(0)abµ A(m1)b5 +
2pim1
R
A(m1)aµ
+ gfabc
∑
r1
∑
k1
A(k1)bµ A
(r1)c
5 ∆
′
m1r1k1 , (III.5)
where no sum is performed in the second term. In this
way, the specialization of all relevant equations at the
configuration and phase-space levels given in the previ-
ous section can be reduced to the corresponding ones
reported in Ref. [7]; see also the remark [25].
In the model Eq. (III.2), the following classification
of fields arise: A
(0)a
µ is a gauge vector field, A
(m1)a
µ is a
KK tower of massive vector fields, and A
(m1)a
5 arises as a
KK tower of massless SO(1, 3)-scalar fields. In this case
there is no need to diagonalize any bilinear term in the
Lagrangian.
B. Cases m = 6 and m = 7
In the case m = 6, the fundamental theory is defined
on a six-dimensional spacetime where µ = 0, 1, 2, 3 and
µ¯ = 5, 6. Having two extra spatial dimensions means
that all relevant fields, in the effective theory, contain
two Fourier modes. The already introduced primed sum
over these Fourier indices explicitly reads
∑
m
1
m
2
′
T (m1m2)S(m1m2) =
∞∑
m1=1
T (m10)S(m10)
+
∞∑
m2=1
T (0m2)S(0m2)
+
∞∑
m1,m2=1
T (m1m2)S(m1m2) .
(III.6)
Compactification of two spatial dimensions gives rise to
the following Lagrangian, cf. Eq. (II.14):
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L 4YM =− 1
4
[
F (00)aµν F (00)µνa + F (00)aµ¯ν¯ F (00)µ¯ν¯a +
∑
m1=1
(
F (m10)aµν F (m10)µνa + 2F (m10)aµν¯ F (m10)µν¯a + F (m10)aµ¯ν¯ F (m10)µ¯ν¯a
)
+
∑
m2=1
(
F (0m2)aµν F (0m2)µνa + 2F (0m2)aµν¯ F (0m2)µν¯a + F (0m2)aµ¯ν¯ F (0m2)µ¯ν¯a
)
+
∑
m1,m2=1
(
F (m1m2)aµν F (m1m2)µνa + 2F (m1m2)aµν¯ F (m1m2)µν¯a + F (m1m2)aµ¯ν¯ F (m1m2)µ¯ν¯a
) ]
.
(III.7)
It is remarkable that each term has a definite Fourier mode. Notice that this model does not coincide with more
involved compactification schemes, such as those based on T 2/Z2 or the chiral square [26]. In this model, the
configuration variables explicitly correspond to A
(00)a
µ , A
(m10)a
µ , A
(0m2)a
µ , A
(m1m2)a
µ , A
(m10)a
µ¯ , A
(0m2)a
µ¯ , and A
(m1m2)a
µ¯ .
From Eqs. (II.15) and (II.16), each curvature component can be expressed in terms of these variables; using Eq. (III.6),
Eqs.(II.15) explicitly read:
F (00)aµν = F (00)aµν + gfabc
( ∑
k1=1
A(k10)bµ A
(k10)c
ν +
∑
k2=1
A(0k2)bµ A
(0k2)c
ν +
∑
k1,k2=1
A(k1k2)bµ A
(k1k2)c
ν
)
, (III.8a)
F (00)aµ¯ν¯ = gfabc
( ∑
k1=1
A
(k10)b
µ¯ A
(k10)c
ν¯ +
∑
k2=1
A
(0k2)b
µ¯ A
(0k2)c
ν¯ +
∑
k1,k2=1
A
(k1k2)b
µ¯ A
(k1k2)c
ν¯
)
, (III.8b)
Eq. (II.16a) comprises the following three equations:
F (m10)aµν = 2D(00)ab[µ A(m10)bν] + gfabc
(
A(k10)bµ A
(r10)c
ν ∆k10r10m10 + A
(0k2)b
µ A
(r1r2)c
ν ∆0k2r1r2m10
+A(k1k2)bµ A
(0r2)c
ν ∆k1k20r2m10 + A
(k1k2)b
µ A
(r1r2)c
ν ∆k1k2r1r2m10
)
(III.9a)
F (0m2)aµν = 2D(00)ab[µ A(0m2)bν] + gfabc
(
A(k10)bµ A
(r1r2)c
ν ∆k10r1r20m2 + A
(0k2)b
µ A
(0r2)c
ν ∆0k20r20m2
+A(k1k2)bµ A
(r10)c
ν ∆k1k2r100m2 + A
(k1k2)b
µ A
(r1r2)c
ν ∆k1k2r1r20m2
)
(III.9b)
F (m1m2)aµν = 2D(00)ab[µ A(m1m2)bν] + gfabc
(
A(k10)bµ A
(0r2)c
ν ∆k100r2m1m2 + A
(k10)b
µ A
(r1r2)c
ν ∆k10r1r2m1m2
+A(0k2)bµ A
(r10)c
ν ∆0k2r10m1m2 + A
(0k2)b
µ A
(r1r2)c
ν ∆0k2r1r2m1m2 + A
(k1k2)b
µ A
(r10)c
ν ∆k1k2r10m1m2
+A(k1k2)bµ A
(0r2)c
ν ∆k1k20r2m1m2 + A
(k1k2)b
µ A
(r1r2)c
ν ∆k1k2r1r2m1m2
)
. (III.9c)
In these expressions the following values for the multi-index object ∆ were used:
∆k100r2m10 = ∆k10r1r2m10 = ∆0k2r10m10 = ∆0k20r2m10 = ∆k1k2r10m10 = 0 ,
∆k10r100m2 = ∆k100r20m2 = ∆0k2r100m2 = ∆0k2r1r20m2 = ∆k1k20r20m2 = 0 ,
∆k10r10m1m2 = ∆0k20r2m1m2 = 0 .
Eq. (II.16b) comprises the following three equations:
F (m10)aµν¯ = D(00)abµ A(m10)bν¯ +
2pim1δν¯5
R1
A(m10)aµ + gfabc
(
A(k10)bµ A
(r10)c
ν¯ ∆
′
m10r10k10 + A
(0k2)b
µ A
(r1r2)c
ν¯ ∆
′
m10r1r20k2
+A(k1k2)bµ A
(0r2)c
ν¯ ∆
′
m100r2k1k2 + A
(k1k2)b
µ A
(r1r2)c
ν¯ ∆
′
m10r1r2k1k2
)
, (III.10a)
F (0m2)aµν¯ = D(00)abµ A(0m2)bν¯ +
2pim2δν¯6
R2
A(0m2)aµ + gfabc
(
A(k10)bµ A
(r1r2)c
ν¯ ∆
′
0m2r1r2k10 + A
(0k2)b
µ A
(0r2)c
ν¯ ∆
′
0m20r20k2
+A(k1k2)bµ A
(r10)c
ν¯ ∆
′
0m2r10k1k2 + A
(k1k2)b
µ A
(r1r2)c
ν¯ ∆
′
0m2r1r2k1k2
)
, (III.10b)
F (m1m2)aµν¯ = D(00)abµ A(m1m2)bν¯ + 2pi
(m1δν¯5
R1
+
m2δν¯6
R2
)
A(m1m2)aµ + gfabc
(
A(k10)bµ A
(0r2)c
ν¯ ∆
′
m1m20r2k10
+A(k10)bµ A
(r1r2)c
ν¯ ∆
′
m1m2r1r2k10 + A
(0k2)b
µ A
(r10)c
ν¯ ∆
′
m1m2r100k2 + A
(0k2)b
µ A
(r1r2)c
ν¯ ∆
′
m1m2r1r20k2
+A(k1k2)bµ A
(r10)c
ν¯ ∆
′
m1m2r10k1k2 + A
(k1k2)b
µ A
(0r2)c
ν¯ ∆
′
m1m20r2k1k2 + A
(k1k2)b
µ A
(r1r2)c
ν¯ ∆
′
m1m2r1r2k1k2
)
,
(III.10c)
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and Eq. (II.16c) comprises the following three equations:
F (m10)aµ¯ν¯ =
4pim1δ5[µ¯
R1
A
(m10)a
ν¯] + gfabc
(
A
(k10)b
µ¯ A
(r10)c
ν¯ ∆
′
k10r10m10 + A
(0k2)b
µ¯ A
(r1r2)c
ν¯ ∆
′
0k2r1r2m10
+A
(k1k2)b
µ¯ A
(0r2)c
ν¯ ∆
′
k1k20r2m10 + A
(k1k2)b
µ¯ A
(r1r2)c
ν¯ ∆
′
k1k2r1r2m10
)
, (III.11a)
F (0m2)aµ¯ν¯ =
4pim2δ6[µ¯
R2
A
(0m2)a
ν¯] + gfabc
(
A
(k10)b
µ¯ A
(r1r2)c
ν¯ ∆
′
k10r1r20m2 + A
(0k2)b
µ¯ A
(0r2)c
ν¯ ∆
′
0k20r20m2
+A
(k1k2)b
µ¯ A
(r10)c
ν¯ ∆
′
k1k2r100m2 + A
(k1k2)b
µ¯ A
(r1r2)c
ν¯ ∆
′
k1k2r1r20m2
)
, (III.11b)
F (m1m2)aµ¯ν¯ = 4pi
(m1δ5[µ¯
R1
+
m2δ6[µ¯
R2
)
A
(m1m2)a
ν¯] + gfabc
(
A
(k10)b
µ¯ A
(0r2)c
ν¯ ∆
′
k100r2m1m2 + A
(k10)b
µ¯ A
(r1r2)c
ν¯ ∆
′
k10r1r2m1m2
+A
(0k2)b
µ¯ A
(r10)c
ν¯ ∆
′
0k2r10m1m2 + A
(0k2)b
µ¯ A
(r1r2)c
ν¯ ∆
′
0k2r1r2m1m2 + A
(k1k2)b
µ¯ A
(r10)c
ν¯ ∆
′
k1k2r10m1m2
+A
(k1k2)b
µ¯ A
(0r2)c
ν¯ ∆
′
k1k20r2m1m2 + A
(k1k2)b
µ¯ A
(r1r2)c
ν¯ ∆
′
k1k2r1r2m1m2
)
, (III.11c)
where two repeated Fourier indices imply a sum starting from 1. In order to obtain Eqs. (III.10) and (III.11), the
following values for the multi-index object ∆′ were used:
∆′m100r2k10 = ∆
′
m10r1r2k10 = ∆
′
m10r100k2 = ∆
′
m100r20k2 = ∆
′
m10r10k1k2 = 0 ,
∆′0m2r10k10 = ∆
′
0m20r2k10 = ∆
′
0m2r100k2 = ∆
′
0m2r1r20k2 = ∆
′
0m20r2k1k2 = 0 ,
∆′m1m2r10k10 = ∆
′
m1m20r20k2 = 0 .
In this case, the convenience in the definition of the primed sum symbol is obvious. In fact, it is possible to perform
a further reduction in some of the Eqs. (III.9), (III.10) and (III.11) when ∆k10r10m10 = ∆k1r1m1 and ∆
′
k10r10m10
=
∆′k1r1m1 are taken into account. Using the same line of reasoning, the gauge transformations Eqs. (II.21) and (II.22)and
all relevant equations in phase space given in subsection II B can be explicitly written down in six dimensions.
A new aspect in dimensions greater than 5 is the mixing of terms that appear in the compactified Lagrangian which
need to be decoupled in order to find the mass spectrum of the theory. To clarify the discussion on this (given in
general terms above), let us explicitly spell out how this decoupling mechanism works in the case m = 6. The Fourier
component A
(00)a
µ is a gauge vector field. Due to the structure of the Lagrangian in Eq. (III.7) and Eqs. (III.10),
it can be readily seen that A
(m10)a
µ , A
(0m2)a
µ and A
(m1m2)a
µ are three towers of massive vector fields, with squared
masses
(
2pim1
R1
)2
,
(
2pim2
R2
)2
, and
(
2pim1
R1
)2
+
(
2pim2
R2
)2
, respectively. Regarding the KK modes in the extra dimensions,
the following two towers of massless SO(1, 3)-scalars immediately emerge: A
(m10)a
5 and A
(0m2)
6 . Notice that from the
structure of Eqs. (III.11a) and (III.11b), the following two towers of massive SO(1, 3)-scalars immediately emerge:
A
(m10)a
6 and A
(0m2)
5 , with squared masses
(
2pim1
R1
)2
and
(
2pim2
R2
)2
, respectively. Finally, from Eq. (III.11c) and the
quadratic term F (m1m2)aµ¯ν¯ F (m1m2)µ¯ν¯a in the Lagrangian, the components A(m1m2)a5 and A(m1m2)a6 are mixed in the
following bilinear form:
(
A
(m1m2)a
5 A
(m1m2)a
6
)
(
2pim2
R2
)2
− 4pi2m1m2R1R2
− 4pi2m1m2R1R2
(
2pim1
R1
)2

A
(m1m2)5
a
A
(m1m2)6
a
 . (III.12)
The diagonalization of the 2 × 2 matrix involved yields A˜(m1m2)a5 (m1,m2 > 0), representing a KK tower of massive
scalar fields with mass
(
2pim1
R1
)2
+
(
2pim2
R2
)2
, and A˜
(m1m2)a
6 (m1,m2 > 0), representing a KK towers massless scalar
fields. In other words, the bilinear form Eq. (III.12) is unitarily equivalent to
(
A˜
(m1m2)a
5 A˜
(m1m2)a
6
)( 2pim1R1 )2 + (2pim2R2 )2 0
0 0

A˜
(m1m2)5
a
A˜
(m1m2)6
a
 . (III.13)
The mixing angle θ is
tan θ =
m1R2
m2R1
. (III.14)
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In the Appendix A, Tables IV, V and VI summarize the mass spectrum of the compactified theory from six dimensions.
As the number of extra dimensions increases, the way in which the mixing terms emerge in the Lagrangian becomes
more involved. For example, in the case m = 7 –that is, 3 extra spatial dimensions– the following bilinear forms
appear in the Lagrangian:
(
A
(m1m20)a
5 A
(m1m20)a
6
)(
β2 −αβ
−αβ α2
)A
(m1m20)5
a
A
(m1m20)6
a
 + (A(m10m3)a5 A(m10m3)a7 )
(
γ2 −αγ
−αγ α2
)A
(m10m3)5
a
A
(m10m3)7
a

+
(
A
(0m2m3)a
6 A
(0m2m3)a
7
)(
γ2 −βγ
−βγ β2
)A
(0m2m3)6
a
A
(0m2m3)7
a

+
(
A
(m1m2m3)a
5 A
(m1m2m3)a
6 A
(m1m2m3)a
7
)β2 + γ2 −αβ −αγ−αβ α2 + γ2 −βγ
−αγ −βγ α2 + β2


A
(m1m2m3)5
a
A
(m1m2m3)6
a
A
(m1m2m3)7
a
 (III.15)
where α ≡
(
2pim1
R1
)
, β ≡
(
2pim2
R2
)
and γ ≡
(
2pim3
R3
)
. These mixing terms turn out to be unitarily equivalent to the
following:
(
A˜
(m1m20)a
5 A˜
(m1m20)a
6
)(
α2 + β2 0
0 0
)A˜
(m1m20)5
a
A˜
(m1m20)6
a
 + (A˜(m10m3)a5 A˜(m10m3)a7 )
(
α2 + γ2 0
0 0
)A˜
(m10m3)5
a
A˜
(m10m3)7
a

+
(
A˜
(0m2m3)a
6 A˜
(0m2m3)a
7
)(
β2 + γ2 0
0 0
)A˜
(0m2m3)6
a
A˜
(0m2m3)7
a

+
(
A˜
(m1m2m3)a
5 A˜
(m1m2m3)a
6 A˜
(m1m2m3)a
7
)α2 + β2 + γ2 0 00 α2 + β2 + γ2 0
0 0 0


A˜
(m1m2m3)5
a
A˜
(m1m2m3)6
a
A˜
(m1m2m3)7
a
 . (III.16)
In this basis, one easily recognizes A˜
(m1m20)a
5 , A˜
(m10m3)a
5 , A˜
(0m2m3)a
6 , A˜
(m1m2m3)a
5 and A˜
(m1m2m3)a
6 as five KK towers
of massive SO(1, 3)-scalars. The mass spectrum for the case m = 7 is summarized in Tables VII, VIII and IX in the
Appendix A.
IV. SUMMARY AND CONCLUSIONS
In this paper, we introduced a novel compactifica-
tion scheme to derive from an m dimensional pure
SU(N,Mm) Yang-Mills theory a compactified theory
that contains a four dimensional pure SU(N,M4) Yang-
Mills theory in its KK zero mode. We proposed as the
base higher-dimensional spacetime the Riemannian flat
manifold with geometry Mm = M4 × Nn, where the
n extra spatial dimensions are thought of as coordinates
of the product space Nn = S1/Z2 × S1/Z2 × · · ·S1/Z2.
This assumption, together with periodicity and parity
conditions, allowed us to expand all fields defined on the
bulk in terms of KK towers. The gauge invariance of the
effective theory was studied and gauge transformations
were classified into the SGTs and NSGTs. It turned out
that the former constitute the group SU(N,M4) and
are defined by the zero mode of the gauge parameters
that characterize the Lie group SU(N,Mm). As a conse-
quence of the compactification, and due to the accessible
structure of the extra dimensions, a full analysis of the
mass spectrum in the effective theory was performed. In
this regard, it was found that a Higgs-type mechanism
operates after compactification since the number of KK
towers of massive vector fields and that of KK towers
of massless (pseudo-Goldstone) scalars match. The zero
mode of the connection of the higher-dimensional the-
ory can be recognized as a SU(N,M4) gauge field, and
(2n − 1)(n − 1) KK towers of massive scalars emerge.
These massive scalar fields do not emerge in the OUED
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scenario, and in a Higgs mechanism sense, they corre-
spond to physical scalar fields.
By performing a phase-space analysis, we have shown
that there exists a canonical transformation by which the
fundamental and effective theory are two entirely equiv-
alent representations on the same classical model. In
this model it is not difficult to see a significant feature,
namely, that as all the different radii Ri of the different
various extra spatial dimensions tend to zero, all massive
modes become very heavy and therefore kinematically
inaccessible in low-energy dynamics.
At a quantum level, the impact of compactified univer-
sal extra dimensions on standard model observables must
be quantified via radiative corrections, as this class of
new physics becomes primarily manifest at the one-loop
level. One of the most successful quantization schemes
for gauge systems is the BRST path integral in its field-
antifield formalism as it is a covariant quantization ap-
proach close to Feynman diagrams. The implementa-
tion of this method requires the classical gauge structure
underlying the theory and a gauge fixing scheme. It is
at these two points that the present work will be use-
ful. On the one hand, we have made a deep analysis
of the gauge structure of the compactified theory. On
the other hand, a systematic way of extracting all mass-
less pseudo-Goldstone scalars in the compactified theory
was given, and this becomes crucial in order to define
a unitary gauge for future calculations connected with
phenomenological implications.
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Appendix A: Mass spectrum for m = 6 and m = 7 cases
In this Appendix the mass spectrum tables associated to the compactified theories fromm = 6 andm = 7 dimensions
are collected. These are
Number of nonzero KK Tower Squared mass of
Fourier indices each field
0 A
(00)a
µ 0
1 A
(m10)a
µ
(
2pim1
R1
)2
1 A
(0m2)a
µ
(
2pim2
R2
)2
2 A
(m1m2)a
µ
(
2pim1
R1
)2
+
(
2pim2
R2
)2
TABLE IV: Mass spectrum of the different KK towers of vector fields in the compactified theory, case m = 6
Number of nonzero KK Tower Restriction over the
Fourier indices values of µ¯
1 A
(m10)a
5 µ¯ = 1 + 4
1 A
(0m2)a
6 µ¯ = 2 + 4
2 A˜
(m1m2)a
6 µ¯ = 2 + 4
TABLE V: Massless scalar fields or pseudo-Goldstone bosons in compactified theory, case m = 6
Number of nonzero KK Tower Restriction over the Squared Mass of
Fourier indices values of µ¯ each field
1 A
(0m2)a
5 µ¯ 6= 2 + 4
(
2pim2
R2
)2
1 A
(m10)a
6 µ¯ 6= 1 + 4
(
2pim1
R1
)2
2 A˜
(m1m2)a
5 µ¯ 6= 2 + 4
(
2pim1
R1
)2
+
(
2pim2
R2
)2
TABLE VI: Massive scalar fields, case m = 6
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Number of nonzero KK Tower Squared mass of
Fourier indices each field
0 A
(000)a
µ 0
1 A
(m100)a
µ
(
2pim1
R1
)2
1 A
(0m20)a
µ
(
2pim2
R2
)2
1 A
(00m3)a
µ
(
2pim3
R3
)2
2 A
(m1m20)a
µ
(
2pim1
R1
)2
+
(
2pim2
R2
)2
2 A
(m10m3)a
µ
(
2pim1
R1
)2
+
(
2pim3
R3
)2
2 A
(0m2m3)a
µ
(
2pim2
R2
)2
+
(
2pim3
R3
)2
3 A
(m1m2m3)a
µ
(
2pim1
R1
)2
+
(
2pim2
R2
)2
+
(
2pim3
R3
)2
TABLE VII: Mass spectrum of the different KK towers of vector fields in the compactified theory, case m = 7
Number of nonzero KK Tower Restriction over the
Fourier indices values of µ¯
1 A
(m100)a
5 µ¯ = 1 + 4
1 A
(0m20)a
6 µ¯ = 2 + 4
1 A
(00m3)a
6 µ¯ = 3 + 4
2 A˜
(m1m20)a
6 µ¯ = 2 + 4
2 A˜
(m10m3)a
7 µ¯ = 3 + 4
2 A˜
(0m2m3)a
7 µ¯ = 3 + 4
3 A˜
(m1m2m3)a
7 µ¯ = 3 + 4
TABLE VIII: Massless scalar fields or pseudo-Goldstone bosons in compactified theory, case m = 7
Number of nonzero KK Tower Restriction over the Squared Mass of
Fourier indices values of µ¯ each field
1 A
(m100)a
6 µ¯ 6= 1 + 4
(
2pim1
R1
)2
1 A
(m100)a
7 µ¯ 6= 1 + 4
(
2pim1
R1
)2
1 A
(0m20)a
5 µ¯ 6= 2 + 4
(
2pim2
R2
)2
1 A
(0m20)a
7 µ¯ 6= 2 + 4
(
2pim2
R2
)2
1 A
(00m3)a
5 µ¯ 6= 3 + 4
(
2pim3
R3
)2
1 A
(00m3)a
6 µ¯ 6= 3 + 4
(
2pim3
R3
)2
2 A˜
(m1m20)a
5 µ¯ = 1 + 4
(
2pim1
R1
)2
+
(
2pim2
R2
)2
2 A˜
(0m2m3)a
6 µ¯ = 2 + 4
(
2pim2
R2
)2
+
(
2pim3
R3
)2
2 A˜
(m10m3)a
5 µ¯ = 1 + 4
(
2pim1
R1
)2
+
(
2pim3
R3
)2
2 A
(m1m20)a
7 µ¯ 6= 1 + 4, 2 + 4
(
2pim1
R1
)2
+
(
2pim2
R2
)2
2 A
(m10m3)a
6 µ¯ 6= 1 + 4, 3 + 4
(
2pim1
R1
)2
+
(
2pim3
R3
)2
2 A
(0m2m3)a
5 µ¯ 6= 2 + 4, 3 + 4
(
2pim2
R2
)2
+
(
2pim3
R3
)2
3 A˜
(m1m2m3)a
5 µ¯ 6= 3 + 4
(
2pim1
R1
)2
+
(
2pim2
R2
)2
+
(
2pim3
R3
)2
3 A˜
(m1m2m3)a
6 µ¯ 6= 3 + 4
(
2pim1
R1
)2
+
(
2pim2
R2
)2
+
(
2pim3
R3
)2
TABLE IX: Massive scalar fields, case m = 7
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